Monte Carlo method is used to capture the evolution of spherulites and shish-kebabs and to predict the crystallization kinetics in isothermal polymer crystallization. Effects of nucleation density and growth rate of spherulites, nucleation density, and length growth rate of shish-kebabs, respectively, on crystallization are investigated. Results show that nucleation densities of both spherulites and shish-kebabs strongly affect crystallization rate as well as morphology. An increase in nucleation density of either spherulites or shish-kebabs leads to a quicker crystallization rate and a smaller average spherulite size. It is also shown that nucleation density of shish-kebabs has a stronger impact on crystallization rate. Growth rate of spherulites and length growth rate of shish-kebabs also have significant effect on crystallization rate and morphology. An increase in growth rate of spherulites or length growth rate of shish-kebabs also speeds up the crystallization rate; additionally, a decrease in growth rate of spherulites or an increase in length growth rate of shish-kebabs results in a more highly anisotropic shish-kebab structure and a smaller average size of spherulites. Results also show that the effect of growth rate of spherulites is more important than the effect of length growth rate of shish-kebabs on crystallization.
Introduction
This study is motivated by an interest in the crystallization of semicrystalline polymers during the manufactural processing. Usually, these materials are injected as viscous/viscoelastic melt into a mold that gives it the desired final shape. The resulting product is then cooled to make a solid composite with a typical crystalline structure that is a key feature of the finished product since it affects mechanics, thermomechanics of the materials [1] . Therefore it is of great importance to predict the crystal morphology and crystallinity formed during the manufactural processing.
Experimental results show that the crystalline structure in final injection product takes on a typical "skin-core-skin" structure [1] , that is, a shish-kebab skin with highly orientation and a spherulitic core with essentially no preferred orientation. These two types of crystals are formed depending on the mechanics and mechanical history. For example, in the center of a product, because of the absence/lack of shear, the random polymer chain leads to lamellar, chain folded crystals and finally the spherulites; while near the walls, due to the highly shear or strain, the extended polymer chain leads to extended chain crystals and finally shishkebab structures. This is also known since spherulites are related to quiescent crystallization, while shish-kebabs are related to flow-induced crystallization [1, 2] . Hence, to predict crystal morphology accurately in the manufactural processing, it is necessary to combine spherulites with shishkebabs.
There have been many developments in the modeling of flow-induced crystallization. Researchers proposed different models to describe the effect of flow on crystallization kinetics based on Nakamura approach or Avrami-Kolmogoroff approach [2] . Models based on Nakamura approach do not take morphology development into account but predict the crystallization kinetics well. For example, a multiplying factor function of stress [3] , shear rate [4] , strain [4] , orientation [5] , and so forth was applied to modify the crystallization kinetic constant in the original Nakamura model to include the effect of flow on crystallization. On the other hand, models based on Avrami-Kolmogoroff approach do consider the crystallization phenomenon as a consequence of nucleation and growth. According to many researches, flow has minor effect on crystal growth [2] . Therefore, many efforts were made to find the driving force for flow-induced nucleation. For example, parameters including shear rate [4] , recoverable strain tensor [6] , first normal stress difference [7] , and free energy [8] were used to reflect the effect of flow on crystallization. However, we will mention that AvramiKolmogoroff model can not provide information on the final crystalline structure when spherulites and shish-kebabs coexist. The parameters in Avrami-Kolmogoroff model, for example, (shape factor), (dimensionality of growth), are often found by data fitting [8] which lose the clear information of crystalline structure.
To predict in detail the crystalline structure forming, researchers proposed different methods. For example, Swaminarayan and Charbon [9] presented a normal front-tracking method and a radial front-tracking method to describe the evolution of a limited set of points on crystallization front; Capasso [10] , Micheletti and Burger [11] , and Ketdee and Anantawaraskul [12] developed a stochastic birth-and-growth process to simulate the isothermal/nonisothermal crystallization in polymers; Raabe [13] , Raabe and Godara [14] , and Lin et al. [15] proposed a cellular automaton model to predict the spherulite growth and spatial distribution in polymers; Ruan et al. [16] [17] [18] presented a "pixel coloring" method to simulate the crystal morphology forming and kinetics calculation in short-fiber reinforced systems and pure polymer systems. However, these works are only concentrated on quiescent crystallization, in which the object of crystalline structure is spherulite.
So far, a few works have been done to deal with the morphology evolution of spherulites and shish-kebabs. Zuidema et al. [6] used Eder model and Schneider rate equations to describe the evolution of spherulites and shish-kebabs, respectively, and visualized the development of crystalline structure by pixel. Their work has taken a huge step in the modeling and simulation of crystalline structure forming including flow-induced crystallization. However, they did not show the detailed implement of capturing crystal fronts; besides, the microstructure (total volume, surface, and length of shish-kebabs) predicted by Schneider rate equations was based on fiction where overlapping was allowed [8] .
The objective of this paper is to present a Monte Carlo simulation to capture the evolution of crystalline structure (spherulites and shish-kebabs), to predict the final structure spatial distribution, and to calculate the crystallization rate in isothermal polymer crystallization. We will mention that this isothermal crystallization is a simplification in a real manufactural processing but is the case that happens in some experiments [2] . 
Theory and Modeling
Avrami model is the most widely used one describing the macroscopic evolution of crystallinity with time for various modes of nucleation and growth in isothermal polymer system. It can be expressed as follows [19] [20] [21] :
where is the relative crystallinity which takes into account impingement due to space filling effect; is a fictive volume fraction of "phantom crystals" at time in the case overlapping is allowed.
We assume the polymer is undergoing the shear and it is sufficient to allow the polymer to generate the shish-kebabs. Besides, the crystallization occurs at a constant relative low temperature and the spherulites will appear. Therefore, in this case, the crystalline structures are the spherulite and shishkebab.
These two kinds of structures contribute to the fictive volume fraction and can be combined by simply adding up
here, is the fictive volume fraction of spherulites and s-k is the fictive volume fraction of shish-kebabs. Under the isothermal crystallization, the nucleation of spherulites is assumed to take place at = 0 with the nucleation density . According to many researches, flow has minor effect on the growth rate of spherulites. Hence, it also follows the Hoffman-Lauritzen theory [8] from which we know that the growth rate of spherulites under the isothermal case is constant. Therefore, the fictive volume fraction of spherulites can be written as
with being the nucleation density of spherulites and being the growth rate of spherulites. Figure 1 gives the schematic growth of single spherulite.
On the other hand, we assume shish-kebabs growth like cylinders. This is also the way that Zuidema et al. [6] did. Figure 2 gives the schematic growth of single shish-kebab. We assume that at = 0 there is a relative high shear rate (larger than the critical shear rate) to generate the shish-kebabs with the nucleation density s-k . After the nucleation, the shear rate is keeping under the critical shear rate which cannot contribute to nucleation but does affect the growth of shishkebabs. According to Zuidema et al. [6] , the radius growth rate of shish-kebabs s-k, is related to temperature. Therefore, under the isothermal case, this parameter is constant. Besides, the length growth rate of shish-kebabs s-k, is related to flow [6] . With the help of Schneider rate equation [6] and the hypothesis of constant shear rate, we see that the length growth rate of shish-kebabs s-k, treated as constant is reasonable. Therefore, the fictive volume fraction of shishkebabs can be computed as
where s-k is the nucleation density of shish-kebabs; s-k, , s-k, are the radius and length growth rate of shish-kebabs, respectively.
It can be seen from (1)- (4) that six variables can completely define an isothermal polymer crystallization (quiescent and flow-induced crystallization). These are , , s-k , s-k, , s-k, , and . Therefore, a parametric study is used here to explore the effects of each variable on the crystal morphology evolution as well as crystallization kinetics.
Monte Carlo method also known as stochastic simulation is often adopted as a compute mathematical problem based on the statistical value of plenty of random points. The basic idea of this method is expressed as follows: firstly, creating a random probability model or random process according to the given problem and letting the parameter be equal to the solution of the problem; secondly, calculating the statistical characteristics of parameters by doing observation or sample experiments for the created model or process; finally, computing the approximate value of the solution.
In this problem, we assume the crystalline phase and amorphous phase distribute uniformly in space; therefore, the relative crystallinity can be treated as degree of space filling which can be expressed as the following form:
where V is a time-dependent value which means the volume of the crystallized grains at time and V tot is the total volume. In order to obtain , we build up the following process:
(1) Divide the computational zone as a large array of equally sized cubes with each volume V and total number tot .
(2) Produce the random nuclei center with a nucleation density of spherulites and a nucleation density of shish-kebabs s-k at = 0. Assume that each nucleation occupies one unit cell.
(3) For each time step ( , +1 ), calculate the radius of spherulites as = × +1 , the radius of shishkebabs as s-k = s-k, × +1 , and the length of shish-kebabs s-k = 2 s-k, × +1 . Produce a large number of random points restricted to the center of cells. For each random point, if it falls within the range of radius of one sphere, its belonging cell is changed to a crystalline cell and considered to be occupied by that spherulite; if it falls within the range of radius and length of one cylinder, its belonging cell is changed to a crystalline cell and considered to be occupied by that shish-kebab. In the case that if a random point falls within the range of radius or length of several crystals, its belonging cell is assumed to be occupied by the crystals having the minimal time to reach that point. The above process, especially step three, presents a random process, which allows us to give an approximation of by Monte Carlo method.
Results and Discussion
The crystallization kinetics and morphology are studied by Monte Carlo method in a small spatial region, [0, 1] mm × [0, 1] mm × [0, 1] mm in particular. Unless otherwise stated, we set the parameters as tot = 10 7 , = s-k = 10 3 /mm 3 , = s-k, = 1 m/s, and s-k, = 10 m/s. It is worth noting that the radius growth of shish-kebabs is in a similar manner to spherulitic growth according to many experiments [1] . Hence, we set = s-k, in this study. Therefore, we only explore the effects of , , s-k , and s-k, in the following investigation. This algorithm is written in C++ langue and runs on Personal Computer. Zhou et al. [23] , and the numerical results of Zuidema et al. [6] . Figure 6 shows the effects of nucleation density of spherulites on crystallization kinetics and morphology. We change the nucleation density of spherulites varying from 10 2 /mm 3 to 10 3 /mm 3 and then to 10 4 /mm 3 while holding other parameters fixed to allow comparison. It is noticeable that the time to reach complete crystallization decreases with increasing nucleation density of spherulites. This is consistent with the theoretical analysis of Avrami model which is presented in (1)-(4) in this study. Morphology for similar relative crystallinity ( ≈ 0.5) with different nucleation density of spherulites is also shown in Figure 6 . As we can see, due to the increasing of nucleation density of spherulites, crystals are more likely to impinge. Figure 7 gives the radius distribution of spherulites in the final morphology. The average radius of single spherulite is calculated by = 3 √3V /(4 ) where V is the volume of single spherulite and can be obtained by the number of cells belonging to this spherulite and the cell volume. It can be found in Figure 7 that the mean radius decreases with the increase of nucleation density of spherulites. Volume fraction and the average length-to-diameter ratio of shishkebabs in the final morphology are listed in Table 1 . It should be mentioned that the average length-to-diameter ratio of shish-kebabs is difficult to calculate. We here assume the radius of shish-kebabs is equal to the average radius of spherulites. This is reasonable since this simulation is carried out under the assumption that the radius growth of shish-kebabs equals spherulitic growth rate. From Table 1 , we see that the increasing of nucleation density of spherulites decreases the volume fraction of shish-kebabs. Besides, its effect on the average length-to-diameter ratio of shish-kebabs is minor. In the real polymer processing, the nucleation density of spherulites is directly determined by temperature. Therefore, one can change the temperature to adjust the nucleation density of spherulites, thereby to obtain the desired crystal size and crystallization rate. Figure 8 shows the effects of nucleation density of shishkebabs s-k on crystallization kinetics and morphology. We change nucleation density of shish-kebabs s-k from 10 2 /mm 3 to 10 3 /mm 3 and then to 10 4 /mm 3 . It is notable that increasing the nucleation density of shish-kebabs leads to an acceleration of the crystallization. By comparing with Figure 6 , it is clear that the effect of nucleation density of shish-kebabs on crystallization kinetics is more important than that nucleation density of spherulites. Since the shishkebab structure is highly anisotropic, its length growth rate s-k, is much larger than its radius growth rate s-k, which is assumed to be equal to the growth rate of spherulites . Therefore, the volume of shish-kebabs increases faster than the spherulites which lead to a stronger effect on crystallization kinetics.
Validity of the Simulation.

Effects of Nucleation Density of Spherulites .
Effects of Nucleation Density of Shish-Kebabs s-k .
Radius distribution of spherulites in the final morphology is descripted in Figure 9 . It is obvious that, in the case of lower nucleation density of shish-kebabs, the average spherulite size is larger. Table 2 shows the volume fraction and the average length-to-diameter ratio of shish-kebabs in the final morphology. It is evident that volume fraction of shishkebabs increases with the increase of nucleation density of shish-kebabs. However, its effect to the average length-todiameter ratio of shish-kebab is not significant. We will also mention that the driving force to the nucleation density of shish-kebabs s-k is not well understood. However, it is accepted that it is related to the effect of flow [1, 2] . Therefore, one can adjust the flow effect to obtain the optimal nucleation density of shish-kebabs.
Effects of Growth Rate of Spherulites .
In order to study the effects of growth rate of spherulites on crystallization kinetics and morphology, three groups of are tested; namely, = 0.5 m/s, 1 m/s, and 2 m/s. We also assume that the radius growth rate of shish-kebabs s-k, is equal to the growth rate of spherulites . The other parameters are fixed in the simulation to allow comparison. Crystallization kinetics data and morphology with different growth rate of spherulites are shown in Figure 10 . Evidently, an increase in growth rate of spherulites speeds up the crystallization rate. Morphology for similar relative crystallinity ( ≈ 0.5) with different growth rate of spherulites is also shown in Figure 10 . It can be seen that increase the growth rate of spherulites increases the radius of spherulites and shishkebabs. The observed trend is also in the case of final morphology which is not shown here. The effect of growth rate of spherulites in this study (spherulites and shishkebabs coexisting system) is not the same as the system with only spherulitic structure. When isothermal quiescent crystallization is considered, only spherulites appear and the final morphology is referred to as a Voronoi diagram [11, 13] . It has been reported by many people that Voronoi diagram is only a function of nucleation density of spherulites and is independent of growth rate of spherulites [11] .
In order to know the detailed morphology of crystals, Figure 11 describes the distribution of spherulite size in the final morphology. In the case of higher growth rate of spherulites, the mean radius of spherulites is larger. Table 3 lists the volume fraction and the average length-to-diameter ratio of shish-kebabs. As the growth rate of spherulites increases, the volume fraction of shish-kebabs and the average length-to-diameter ratio of shish-kebabs decrease. Therefore, the shish-kebab is more highly anisotropic with the slower growth rate of spherulites.
The growth rate of spherulites is always assumed to be only dependent on temperature since plenty of experiments reported that this parameter is influenced weakly by flow. Therefore, in the real polymer processing, one can change the temperature to adjust the growth rate of spherulites.
Effects of Length Growth Rate of Shish-Kebabs
Effects of length growth rate of shish-kebabs s-k, on the crystallization kinetics and morphology are also investigated. We test three cases; namely, s-k, = 5 m/s, 10 m/s, and 20 m/s. The corresponding results are plotted in Figure 12 . From Figure 12 , it is observed that crystallization rate is quicker in the case of higher length growth rate of shishkebabs. Compared to Figure 10 , it can be concluded that the effect of length growth rate of shish-kebabs has a weaker impact than the effect of radius growth rate of spherulites (shish-kebabs) on crystallization rate. This can be derived from the expression of fictive volume of spherulites and shishkebabs by (3) and (4). Since we assume the radius growth rate of shish-kebabs s-k, to be equal to the radius growth rate of spherulites , the fictive volume of crystals is found to be approximately linear depending on the length growth rate of shish-kebabs s-k, and to be approximately cubical depending on the radius growth rate of spherulites . Morphology for similar relative crystallinity ( ≈ 0.5) with different growth rate of length of shish-kebabs is also shown in Figure 12 . The observation from Figure 12 tells us that an increase in the length growth rate of shish-kebabs leads to a longer shish-kebab structure in length. Figure 13 describes the distribution of spherulite size in the final morphology. Mean radius of spherulite size is larger in the case of smaller length growth rate of shish-kebabs. Table 4 lists the volume fraction and the average length-todiameter ratio of shish-kebabs. As the length growth rate of shish-kebabs increases, the volume fraction of shish-kebabs 8 Mathematical Problems in Engineering Table 4 : Volume fraction and average length-to-diameter ratio of shish-kebabs. and the average length-to-diameter ratio of shish-kebabs increase. Length growth rate of shish-kebabs s-k, is always modeled as a function of flow; therefore, in the real polymer processing, one can impose the different flow to change the length growth rate of shish-kebabs.
Conclusions
A Monte Carlo simulation of morphology and kinetics of spherulites and shish-kebabs in isothermal polymer crystallization is presented here. The simulated crystallization kinetics data show a good agreement with results from the theoretical Avrami model. Thus, the method and simulation results presented here are reliable and valid.
A parametric study is used here to explore the effects of each variable on crystal morphology evolution as well as crystallization kinetics. The effects of nucleation density and growth rate of spherulites, nucleation density, and length growth rate of shish-kebabs, respectively, on crystallization are investigated. It has been found that nucleation densities of both spherulites and shish-kebabs have a strong effect on both crystallization rate and morphology. An increase in nucleation density of either spherulites or shish-kebabs leads to a quicker crystallization rate and a smaller average crystal size. It is also shown that nucleation density of shish-kebabs has a stronger impact on crystallization rate. Growth rate of spherulites and length growth rate of shish-kebabs also significantly affect the crystallization rate and morphology. An increase in growth rate of spherulites or length growth rate of shish-kebabs also speeds up the crystallization rate; additionally, a decrease in growth rate of spherulites or an increase in length growth rate of shish-kebabs results in a more highly anisotropic shish-kebab structure and a smaller average spherulite structure. Results also show that the effect of growth rate of spherulites is more important than the effect of length growth rate of shish-kebabs on crystallization.
We present a computer simulation for isothermal crystallization of spherulites and shish-kebabs in polymer system. The computational approach presented here allows us to separately examine the effect of each parameter which cannot be done in experiments as several parameters change simultaneously. Therefore, results presented here may provide some new insights on processing improvement. Our future work will be concentrated on the morphology development and kinetics prediction in polymer manufacture processing which takes into account the temperature and flow.
